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A warehouse

An automated warehouse with input depots and output depots. It

has to complete input(storage) and output(retrieval) requests.

Figure 1: Demag V-type crane machine. Source: demagcranes.com
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The storage and retrial machine

• The machine start at some depot.

• The machine can hold at most one item.

• The machine can pick up an item from any input depot, and

drop off the item at a input request location.

• The machine can pick up an item from a output request

location, and drop off the item at any output depot.

• The machine must return to the original depot.

2



Example

Input depot

Output depot

3



Example

Input depot

Output depot

Input request
Output request

3



Example

Input depot

Output depot

Input request
Output request
Machine

3



Example

Input depot

Output depot

Input request
Output request

Machine route (full)
Machine

3



Example

Input depot

Output depot

Input request
Output request

Machine route (full)

Machine route (empty)

Machine

3



Example

Input depot

Output depot

Input request
Output request

Machine route (full)

Machine route (empty)

Machine

3



Example

Input depot

Output depot

Input request
Output request

Machine route (full)

Machine route (empty)

Machine

3



Example

Input depot

Output depot

Input request
Output request

Machine route (full)

Machine route (empty)

Machine

3



Example

Input depot

Output depot

Input request
Output request

Machine route (full)

Machine route (empty)

Machine

3



Example

Input depot

Output depot

Input request
Output request

Machine route (full)

Machine route (empty)

Machine

3



Example

Input depot

Output depot

Input request
Output request

Machine route (full)

Machine route (empty)

Machine

3



Example

Input depot

Output depot

Input request
Output request

Machine route (full)

Machine route (empty)

Machine

3



Example

Input depot

Output depot

Input request
Output request

Machine route (full)

Machine route (empty)

Machine

3



Observations

At most 2 request can be completed per depot to depot trip.

• input depot → input request→ output request→ output depot

• input depot→ input request→ arbitrary depot

• arbitrary depot→ output request→ output depot

• output depot → input depot
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Formalizing the problem: The input

• Input depots DI , output depots DO , D = DI ∪ DO . |D| = k.

• Input request RI , output request RO , R = RI ∪ RO . |R| = n.

• V = D ∪ R, the set of vertices.

• dist : V × V → R+ a asymmetric metric.
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Model as a walk on a graph

For input DI ,DO ,RI ,RO , c , we construct the following weighted

directed graph G on vertices V .

• For d , d ′ ∈ D, there is an edge (d , d ′).

• For v ∈ V , u ∈ RI , there is an edge (u, v).

• For v ∈ V , u ∈ RO , there is an edge (v , u).

• For v ∈ RI , d ∈ DI , there is an edge (d , v).

• For v ∈ RO , d ∈ DO , there is an edge (v , d).

The cost of an edge c(u, v) = dist(u, v). Such graph G is called a

warehouse network.
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Warehouse network, high level view

DI
<latexit sha1_base64="v0wkkA8rsgeu8UH58l8hgh9V/xE=">AAAB6nicbZC7SgNBFIbPJl5ivEUtbQaDYBV2bbQMaKFdRHOBZAmzk7PJkNnZZWZWCEsewcZCEVsfxGewEHwanVwKTfxh4OP/z2HOOUEiuDau++Xk8iura+uFjeLm1vbObmlvv6HjVDGss1jEqhVQjYJLrBtuBLYShTQKBDaD4cUkb96j0jyWd2aUoB/RvuQhZ9RY6/aye90tld2KOxVZBm8O5Wr+8/sdAGrd0kenF7M0QmmYoFq3PTcxfkaV4UzguNhJNSaUDWkf2xYljVD72XTUMTm2To+EsbJPGjJ1f3dkNNJ6FAW2MqJmoBeziflf1k5NeO5nXCapQclmH4WpICYmk71JjytkRowsUKa4nZWwAVWUGXudoj2Ct7jyMjROK55b8W68ctWFmQpwCEdwAh6cQRWuoAZ1YNCHB3iCZ0c4j86L8zorzTnzngP4I+ftB7CfkEc=</latexit><latexit sha1_base64="ONxLrAsVMmjDHSspKn/daX06VdA=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0m86LGgB71VtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5YSqFQc/7dkpr6xubW+Xtys7u3v6Be3jUMkmmGW+yRCa6E1LDpVC8iQIl76Sa0ziUvB2Or2d++4lrIxL1iJOUBzEdKhEJRtFKDzf9u75b9WreHGSV+AWpQoFG3/3qDRKWxVwhk9SYru+lGORUo2CSTyu9zPCUsjEd8q6lisbcBPn81Ck5s8qARIm2pZDM1d8TOY2NmcSh7YwpjsyyNxP/87oZRldBLlSaIVdssSjKJMGEzP4mA6E5QzmxhDIt7K2EjaimDG06FRuCv/zyKmld1Hyv5t/71bpXxFGGEziFc/DhEupwCw1oAoMhPMMrvDnSeXHenY9Fa8kpZo7hD5zPH9pvjW8=</latexit>

DI
<latexit sha1_base64="v0wkkA8rsgeu8UH58l8hgh9V/xE=">AAAB6nicbZC7SgNBFIbPJl5ivEUtbQaDYBV2bbQMaKFdRHOBZAmzk7PJkNnZZWZWCEsewcZCEVsfxGewEHwanVwKTfxh4OP/z2HOOUEiuDau++Xk8iura+uFjeLm1vbObmlvv6HjVDGss1jEqhVQjYJLrBtuBLYShTQKBDaD4cUkb96j0jyWd2aUoB/RvuQhZ9RY6/aye90tld2KOxVZBm8O5Wr+8/sdAGrd0kenF7M0QmmYoFq3PTcxfkaV4UzguNhJNSaUDWkf2xYljVD72XTUMTm2To+EsbJPGjJ1f3dkNNJ6FAW2MqJmoBeziflf1k5NeO5nXCapQclmH4WpICYmk71JjytkRowsUKa4nZWwAVWUGXudoj2Ct7jyMjROK55b8W68ctWFmQpwCEdwAh6cQRWuoAZ1YNCHB3iCZ0c4j86L8zorzTnzngP4I+ftB7CfkEc=</latexit><latexit sha1_base64="ONxLrAsVMmjDHSspKn/daX06VdA=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0m86LGgB71VtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5YSqFQc/7dkpr6xubW+Xtys7u3v6Be3jUMkmmGW+yRCa6E1LDpVC8iQIl76Sa0ziUvB2Or2d++4lrIxL1iJOUBzEdKhEJRtFKDzf9u75b9WreHGSV+AWpQoFG3/3qDRKWxVwhk9SYru+lGORUo2CSTyu9zPCUsjEd8q6lisbcBPn81Ck5s8qARIm2pZDM1d8TOY2NmcSh7YwpjsyyNxP/87oZRldBLlSaIVdssSjKJMGEzP4mA6E5QzmxhDIt7K2EjaimDG06FRuCv/zyKmld1Hyv5t/71bpXxFGGEziFc/DhEupwCw1oAoMhPMMrvDnSeXHenY9Fa8kpZo7hD5zPH9pvjW8=</latexit>

DO
<latexit sha1_base64="YysWQZBTIBD7WfVyZqHVi5IeQmg=">AAAB6nicbVDLSgNBEOxNfMT4inr0MhgET2HXix4DevBmRPOAZAmzk9lkyOzsMtMrhCWf4MWDIl79EL/Bg+DX6ORx0MSChqKqm+6uIJHCoOt+Obn8yuraemGjuLm1vbNb2ttvmDjVjNdZLGPdCqjhUiheR4GStxLNaRRI3gyGFxO/ec+1EbG6w1HC/Yj2lQgFo2il28vudbdUdivuFGSZeHNSruY/v98BoNYtfXR6MUsjrpBJakzbcxP0M6pRMMnHxU5qeELZkPZ521JFI278bHrqmBxbpUfCWNtSSKbq74mMRsaMosB2RhQHZtGbiP957RTDcz8TKkmRKzZbFKaSYEwmf5Oe0JyhHFlCmRb2VsIGVFOGNp2iDcFbfHmZNE4rnlvxbmwaLsxQgEM4ghPw4AyqcAU1qAODPjzAEzw70nl0XpzXWWvOmc8cwB84bz+5Z5BM</latexit><latexit sha1_base64="gEjo0g+W4ZbkgSfBuZr5Xd3SHp8=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFfZstAxoYWdE8wHJEfY2e8mSvb1jd04IIT/BxkIRW3+Rnf/GTXKFJj4YeLw3w8y8MFXSIqXfXmFtfWNzq7hd2tnd2z8oHx41bZIZLho8UYlph8wKJbVooEQl2qkRLA6VaIWj65nfehLGykQ/4jgVQcwGWkaSM3TSw03vrleu0Cqdg6wSPycVyFHvlb+6/YRnsdDIFbO249MUgwkzKLkS01I3syJlfMQGouOoZrGwwWR+6pScOaVPosS40kjm6u+JCYutHceh64wZDu2yNxP/8zoZRlfBROo0Q6H5YlGUKYIJmf1N+tIIjmrsCONGulsJHzLDOLp0Si4Ef/nlVdK8qPq06t/TSo3mcRThBE7hHHy4hBrcQh0awGEAz/AKb57yXrx372PRWvDymWP4A+/zB+M3jXQ=</latexit>

DO
<latexit sha1_base64="YysWQZBTIBD7WfVyZqHVi5IeQmg=">AAAB6nicbVDLSgNBEOxNfMT4inr0MhgET2HXix4DevBmRPOAZAmzk9lkyOzsMtMrhCWf4MWDIl79EL/Bg+DX6ORx0MSChqKqm+6uIJHCoOt+Obn8yuraemGjuLm1vbNb2ttvmDjVjNdZLGPdCqjhUiheR4GStxLNaRRI3gyGFxO/ec+1EbG6w1HC/Yj2lQgFo2il28vudbdUdivuFGSZeHNSruY/v98BoNYtfXR6MUsjrpBJakzbcxP0M6pRMMnHxU5qeELZkPZ521JFI278bHrqmBxbpUfCWNtSSKbq74mMRsaMosB2RhQHZtGbiP957RTDcz8TKkmRKzZbFKaSYEwmf5Oe0JyhHFlCmRb2VsIGVFOGNp2iDcFbfHmZNE4rnlvxbmwaLsxQgEM4ghPw4AyqcAU1qAODPjzAEzw70nl0XpzXWWvOmc8cwB84bz+5Z5BM</latexit><latexit sha1_base64="gEjo0g+W4ZbkgSfBuZr5Xd3SHp8=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFfZstAxoYWdE8wHJEfY2e8mSvb1jd04IIT/BxkIRW3+Rnf/GTXKFJj4YeLw3w8y8MFXSIqXfXmFtfWNzq7hd2tnd2z8oHx41bZIZLho8UYlph8wKJbVooEQl2qkRLA6VaIWj65nfehLGykQ/4jgVQcwGWkaSM3TSw03vrleu0Cqdg6wSPycVyFHvlb+6/YRnsdDIFbO249MUgwkzKLkS01I3syJlfMQGouOoZrGwwWR+6pScOaVPosS40kjm6u+JCYutHceh64wZDu2yNxP/8zoZRlfBROo0Q6H5YlGUKYIJmf1N+tIIjmrsCONGulsJHzLDOLp0Si4Ef/nlVdK8qPq06t/TSo3mcRThBE7hHHy4hBrcQh0awGEAz/AKb57yXrx372PRWvDymWP4A+/zB+M3jXQ=</latexit>

RI
<latexit sha1_base64="pKBOfJX6wonI2BLPmkW21zlTuwg=">AAAB6nicbVDJSgNBEK1JXGLcoh69NAbBU5jxoseAF73FJQskQ+jp9CRNenqG7hohDPkELx4U8eqH+A0eBL9GO8tBEx8UPN6roqpekEhh0HW/nFx+ZXVtvbBR3Nza3tkt7e03TJxqxusslrFuBdRwKRSvo0DJW4nmNAokbwbDi4nfvOfaiFjd4SjhfkT7SoSCUbTS7U33qlsquxV3CrJMvDkpV/Of3+8AUOuWPjq9mKURV8gkNabtuQn6GdUomOTjYic1PKFsSPu8bamiETd+Nj11TI6t0iNhrG0pJFP190RGI2NGUWA7I4oDs+hNxP+8dorhuZ8JlaTIFZstClNJMCaTv0lPaM5QjiyhTAt7K2EDqilDm07RhuAtvrxMGqcVz6141zYNF2YowCEcwQl4cAZVuIQa1IFBHx7gCZ4d6Tw6L87rrDXnzGcO4A+ctx/Fo5BU</latexit><latexit sha1_base64="Q2e+MgqESUeIpc7k+jrdCXeXNCs=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKcx60WPAi97iIw9IljA76U2GzM4uM7NCCPkELx4U8eoXefNvnCR70MSChqKqm+6uMJXCWEq/vcLa+sbmVnG7tLO7t39QPjxqmiTTHBs8kYluh8ygFAobVliJ7VQji0OJrXB0PfNbT6iNSNSjHacYxGygRCQ4s056uO/d9soVWqVzkFXi56QCOeq98le3n/AsRmW5ZMZ0fJraYMK0FVzitNTNDKaMj9gAO44qFqMJJvNTp+TMKX0SJdqVsmSu/p6YsNiYcRy6zpjZoVn2ZuJ/Xiez0VUwESrNLCq+WBRlktiEzP4mfaGRWzl2hHEt3K2ED5lm3Lp0Si4Ef/nlVdK8qPq06t/RSo3mcRThBE7hHHy4hBrcQB0awGEAz/AKb570Xrx372PRWvDymWP4A+/zB+9zjXw=</latexit>

RI
<latexit sha1_base64="pKBOfJX6wonI2BLPmkW21zlTuwg=">AAAB6nicbVDJSgNBEK1JXGLcoh69NAbBU5jxoseAF73FJQskQ+jp9CRNenqG7hohDPkELx4U8eqH+A0eBL9GO8tBEx8UPN6roqpekEhh0HW/nFx+ZXVtvbBR3Nza3tkt7e03TJxqxusslrFuBdRwKRSvo0DJW4nmNAokbwbDi4nfvOfaiFjd4SjhfkT7SoSCUbTS7U33qlsquxV3CrJMvDkpV/Of3+8AUOuWPjq9mKURV8gkNabtuQn6GdUomOTjYic1PKFsSPu8bamiETd+Nj11TI6t0iNhrG0pJFP190RGI2NGUWA7I4oDs+hNxP+8dorhuZ8JlaTIFZstClNJMCaTv0lPaM5QjiyhTAt7K2EDqilDm07RhuAtvrxMGqcVz6141zYNF2YowCEcwQl4cAZVuIQa1IFBHx7gCZ4d6Tw6L87rrDXnzGcO4A+ctx/Fo5BU</latexit><latexit sha1_base64="Q2e+MgqESUeIpc7k+jrdCXeXNCs=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKcx60WPAi97iIw9IljA76U2GzM4uM7NCCPkELx4U8eoXefNvnCR70MSChqKqm+6uMJXCWEq/vcLa+sbmVnG7tLO7t39QPjxqmiTTHBs8kYluh8ygFAobVliJ7VQji0OJrXB0PfNbT6iNSNSjHacYxGygRCQ4s056uO/d9soVWqVzkFXi56QCOeq98le3n/AsRmW5ZMZ0fJraYMK0FVzitNTNDKaMj9gAO44qFqMJJvNTp+TMKX0SJdqVsmSu/p6YsNiYcRy6zpjZoVn2ZuJ/Xiez0VUwESrNLCq+WBRlktiEzP4mfaGRWzl2hHEt3K2ED5lm3Lp0Si4Ef/nlVdK8qPq06t/RSo3mcRThBE7hHHy4hBrcQB0awGEAz/AKb570Xrx372PRWvDymWP4A+/zB+9zjXw=</latexit>

RO
<latexit sha1_base64="MasfsB81tb7IZntLlKQ8bNQdGr0=">AAAB6nicbVDJSgNBEK1JXGLcoh69NAbBU5jxoseAF2/GJQskQ+jp9CRNenqG7hohDPkELx4U8eqH+A0eBL9GO8tBEx8UPN6roqpekEhh0HW/nFx+ZXVtvbBR3Nza3tkt7e03TJxqxusslrFuBdRwKRSvo0DJW4nmNAokbwbDi4nfvOfaiFjd4SjhfkT7SoSCUbTS7U33qlsquxV3CrJMvDkpV/Of3+8AUOuWPjq9mKURV8gkNabtuQn6GdUomOTjYic1PKFsSPu8bamiETd+Nj11TI6t0iNhrG0pJFP190RGI2NGUWA7I4oDs+hNxP+8dorhuZ8JlaTIFZstClNJMCaTv0lPaM5QjiyhTAt7K2EDqilDm07RhuAtvrxMGqcVz6141zYNF2YowCEcwQl4cAZVuIQa1IFBHx7gCZ4d6Tw6L87rrDXnzGcO4A+ctx/Ou5Ba</latexit><latexit sha1_base64="pYno1ObCNUS2XuVpwTDd+0UurPk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKcx60WPAizfjIw9IljA76U2GzM4uM7NCCPkELx4U8eoXefNvnCR70MSChqKqm+6uMJXCWEq/vcLa+sbmVnG7tLO7t39QPjxqmiTTHBs8kYluh8ygFAobVliJ7VQji0OJrXB0PfNbT6iNSNSjHacYxGygRCQ4s056uO/d9soVWqVzkFXi56QCOeq98le3n/AsRmW5ZMZ0fJraYMK0FVzitNTNDKaMj9gAO44qFqMJJvNTp+TMKX0SJdqVsmSu/p6YsNiYcRy6zpjZoVn2ZuJ/Xiez0VUwESrNLCq+WBRlktiEzP4mfaGRWzl2hHEt3K2ED5lm3Lp0Si4Ef/nlVdK8qPq06t/RSo3mcRThBE7hHHy4hBrcQB0awGEAz/AKb570Xrx372PRWvDymWP4A+/zB/iLjYI=</latexit>

RO
<latexit sha1_base64="MasfsB81tb7IZntLlKQ8bNQdGr0=">AAAB6nicbVDJSgNBEK1JXGLcoh69NAbBU5jxoseAF2/GJQskQ+jp9CRNenqG7hohDPkELx4U8eqH+A0eBL9GO8tBEx8UPN6roqpekEhh0HW/nFx+ZXVtvbBR3Nza3tkt7e03TJxqxusslrFuBdRwKRSvo0DJW4nmNAokbwbDi4nfvOfaiFjd4SjhfkT7SoSCUbTS7U33qlsquxV3CrJMvDkpV/Of3+8AUOuWPjq9mKURV8gkNabtuQn6GdUomOTjYic1PKFsSPu8bamiETd+Nj11TI6t0iNhrG0pJFP190RGI2NGUWA7I4oDs+hNxP+8dorhuZ8JlaTIFZstClNJMCaTv0lPaM5QjiyhTAt7K2EDqilDm07RhuAtvrxMGqcVz6141zYNF2YowCEcwQl4cAZVuIQa1IFBHx7gCZ4d6Tw6L87rrDXnzGcO4A+ctx/Ou5Ba</latexit><latexit sha1_base64="pYno1ObCNUS2XuVpwTDd+0UurPk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKcx60WPAizfjIw9IljA76U2GzM4uM7NCCPkELx4U8eoXefNvnCR70MSChqKqm+6uMJXCWEq/vcLa+sbmVnG7tLO7t39QPjxqmiTTHBs8kYluh8ygFAobVliJ7VQji0OJrXB0PfNbT6iNSNSjHacYxGygRCQ4s056uO/d9soVWqVzkFXi56QCOeq98le3n/AsRmW5ZMZ0fJraYMK0FVzitNTNDKaMj9gAO44qFqMJJvNTp+TMKX0SJdqVsmSu/p6YsNiYcRy6zpjZoVn2ZuJ/Xiez0VUwESrNLCq+WBRlktiEzP4mfaGRWzl2hHEt3K2ED5lm3Lp0Si4Ef/nlVdK8qPq06t/RSo3mcRThBE7hHHy4hBrcQB0awGEAz/AKb570Xrx372PRWvDymWP4A+/zB/iLjYI=</latexit>
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The abstract problem

Problem: k-depot warehouse tour
Input: A warehouse network with k depot vertices.

Output: A minimum cost closed walk that goes through every

vertex at least once.

Note: we assume in the optimal solution, all k depot has to be

visited.

Closely related to TSP.

Observation: there is an optimal solution that goes through each

vertex in R exactly once, because dist is a metric.
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Previous results

A regular depot is a pair of input depot d and output depot d ′

with dist(d , d ′) = 0.

[Gharehgozli, Yu, Zhang, de Koster ’17] considered special cases of

the problem.

• k = 4: 2 pairs of regular depots. Running time O(n6).

• k = 2: 2 depots, one input, one output. Running time O(n3).

9



Our result

Let MCF (n,m) be the running time to solve min-cost flow on a

unit capacity graph with m edges and n vertices.

MCF (n,m) = Õ(
√
nm), [Lee-Sidford ’13].

Theorem
The k-depot warehouse tour can be solved in

• O(nk+1 + MCF (n, n2)) time if all depots are input(output)

depots.

• O(nk + MCF (n, n2)) time otherwise.

Counterintuitive! Having depots of only one type is harder.

10



Our result

Let MCF (n,m) be the running time to solve min-cost flow on a

unit capacity graph with m edges and n vertices.

MCF (n,m) = Õ(
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A simple polynomial time algorithm
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What does a solution look like?

The feasible solution is a closed walk W . The (disjoint) union of

the edges in the solution is a multigraph H with the following

properties.

1. Circulation property: The in-degree and out-degree are the

same for each vertex.

2. Covering property: Each vertex has in-degree at least 1. Each

vertex in R has in-degree exactly 1.

3. Connectivity property: H is (weakly) connected.

Every graph with the above properties induces a feasible solution:

it is a Eulerian graph that contains all vertices.
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it is a Eulerian graph that contains all vertices.
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A simpler connectivity condition

Theorem
If H a subgraph of G has the circulation property and covering

property, then it is connected if and only if D is connected.
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Structure graph of a solution

The structure graph of a solution is obtained by the following

transformation. For each depot to depot path that does not

contain any other depot P. Let P ′ be the sequence of internal

vertices, and P is from d to d ′. We create an edge e from d to d ′,

and give it the label P ′.
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Idea

If F is a subset of edges of a structure graph, φ(F ) are the edges

in the solution corresponding to F .

• The optimal structure graph contains some connected

subgraph F .

• Find minimum cost valid subgraph of G containing all the

edges of φ(F ) implies finding an optimal solution.
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The algorithm

T be a set of trees(in the undirected sense) such that every

structure graph must contain at least one of the tree as a subgraph.

For each T ∈ T
Find an minimum cost valid subgraph of G that contains all

edges in φ(T ).

Return the minimum

Running time

O(|T | × time to find a minimum cost valid subgraph).

Time to find a minimum cost valid subgraph:reduces to a min-cost

flow computation on a unit capacity graph of O(n2) edges.
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A candidate set of trees

T is the set of spanning trees that can appear in a structure graph.

The weight of a tree is the number of labels on the edges.

Claim: |T | = O(n2(k−1)).

• There are k nodes, so there can be f (k) trees (ignoring

labels).

• Each tree has k − 1 edges. Each edge can have at most 2

labels.

• Each tree has at most 2(k − 1) labels (weight at most

2(k − 1)).

There are

f (k)

(
n

2

)(
n − 2

2

)
. . .

(
n − 2(k − 1)

2

)
= O(n2(k−1))

trees.

16



A candidate set of trees

T is the set of spanning trees that can appear in a structure graph.

The weight of a tree is the number of labels on the edges.

Claim: |T | = O(n2(k−1)).

• There are k nodes, so there can be f (k) trees (ignoring

labels).

• Each tree has k − 1 edges. Each edge can have at most 2

labels.

• Each tree has at most 2(k − 1) labels (weight at most

2(k − 1)).

There are

f (k)

(
n

2

)(
n − 2

2

)
. . .

(
n − 2(k − 1)

2

)
= O(n2(k−1))

trees.

16



A candidate set of trees

T is the set of spanning trees that can appear in a structure graph.

The weight of a tree is the number of labels on the edges.

Claim: |T | = O(n2(k−1)).

• There are k nodes, so there can be f (k) trees (ignoring

labels).

• Each tree has k − 1 edges. Each edge can have at most 2

labels.

• Each tree has at most 2(k − 1) labels (weight at most

2(k − 1)).

There are

f (k)

(
n

2

)(
n − 2

2

)
. . .

(
n − 2(k − 1)

2

)
= O(n2(k−1))

trees.

16



A candidate set of trees

T is the set of spanning trees that can appear in a structure graph.

The weight of a tree is the number of labels on the edges.

Claim: |T | = O(n2(k−1)).

• There are k nodes, so there can be f (k) trees (ignoring

labels).

• Each tree has k − 1 edges. Each edge can have at most 2

labels.

• Each tree has at most 2(k − 1) labels (weight at most

2(k − 1)).

There are

f (k)

(
n

2

)(
n − 2

2

)
. . .

(
n − 2(k − 1)

2

)
= O(n2(k−1))

trees.

16



A candidate set of trees

T is the set of spanning trees that can appear in a structure graph.

The weight of a tree is the number of labels on the edges.

Claim: |T | = O(n2(k−1)).

• There are k nodes, so there can be f (k) trees (ignoring

labels).

• Each tree has k − 1 edges. Each edge can have at most 2

labels.

• Each tree has at most 2(k − 1) labels (weight at most

2(k − 1)).

There are

f (k)

(
n

2

)(
n − 2

2

)
. . .

(
n − 2(k − 1)

2

)
= O(n2(k−1))

trees.

16



A candidate set of trees

T is the set of spanning trees that can appear in a structure graph.

The weight of a tree is the number of labels on the edges.

Claim: |T | = O(n2(k−1)).

• There are k nodes, so there can be f (k) trees (ignoring

labels).

• Each tree has k − 1 edges. Each edge can have at most 2

labels.

• Each tree has at most 2(k − 1) labels (weight at most

2(k − 1)).

There are

f (k)

(
n

2

)(
n − 2

2

)
. . .

(
n − 2(k − 1)

2

)
= O(n2(k−1))

trees.

16



A slow polynomial time algorithm

Theorem
There exists an algorithm that solves the k-depot warehouse tour

problem in O(n2(k−1)MCF (n, n2)) time.

A simple improvement: use dynamic min-cost flow. Update the

valid subgraph in O(n2) time.

Theorem
There exists an algorithm that solves the k-depot warehouse tour

problem in O(n2(k−1) · n2 + MCF (n, n2)) = O(n2k + MCF (n, n2))

time.

Worse than the state of the art for k ≤ 4.

17



A slow polynomial time algorithm

Theorem
There exists an algorithm that solves the k-depot warehouse tour

problem in O(n2(k−1)MCF (n, n2)) time.

A simple improvement: use dynamic min-cost flow. Update the

valid subgraph in O(n2) time.

Theorem
There exists an algorithm that solves the k-depot warehouse tour

problem in O(n2(k−1) · n2 + MCF (n, n2)) = O(n2k + MCF (n, n2))

time.

Worse than the state of the art for k ≤ 4.

17



A slow polynomial time algorithm

Theorem
There exists an algorithm that solves the k-depot warehouse tour

problem in O(n2(k−1)MCF (n, n2)) time.

A simple improvement: use dynamic min-cost flow. Update the

valid subgraph in O(n2) time.

Theorem
There exists an algorithm that solves the k-depot warehouse tour

problem in O(n2(k−1) · n2 + MCF (n, n2)) = O(n2k + MCF (n, n2))

time.

Worse than the state of the art for k ≤ 4.

17



A slow polynomial time algorithm

Theorem
There exists an algorithm that solves the k-depot warehouse tour

problem in O(n2(k−1)MCF (n, n2)) time.

A simple improvement: use dynamic min-cost flow. Update the

valid subgraph in O(n2) time.

Theorem
There exists an algorithm that solves the k-depot warehouse tour

problem in O(n2(k−1) · n2 + MCF (n, n2)) = O(n2k + MCF (n, n2))

time.

Worse than the state of the art for k ≤ 4.

17



Faster algorithm: using a better set of trees.

17



Our analysis:

• T set of possible spanning trees in structure graphs.

• Bound |T | by O(nw ), where w is the maximum weight over

all trees in T .

Idea: Let T be the set of minimum spanning trees.
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Do we expect improvements?

Weight 0

Weight  2
<latexit sha1_base64="9+uz1niMyAMx7WOGd1/GH9rEmYY=">AAAB7XicbZDLSgMxFIbP1FttvVRdugkWwVWZ6UaXBTcuK9gLtEPJpGfa2EwyJhmhlIKP4MaFIm59H3e+jelloa0/BD7+/xxyzolSwY31/W8vt7G5tb2T3y0U9/YPDktHx02jMs2wwZRQuh1Rg4JLbFhuBbZTjTSJBLai0fUsbz2iNlzJOztOMUzoQPKYM2qd1ewKfCDVXqnsV/y5yDoESyjXcsX2EwDUe6Wvbl+xLEFpmaDGdAI/teGEasuZwGmhmxlMKRvRAXYcSpqgCSfzaafk3Dl9EivtnrRk7v7umNDEmHESucqE2qFZzWbmf1kns/FVOOEyzSxKtvgozgSxisxWJ32ukVkxdkCZ5m5WwoZUU2bdgQruCMHqyuvQrFYCvxLcBuWaDwvl4RTO4AICuIQa3EAdGsDgHp7hFd485b14797HojTnLXtO4I+8zx9ja4+2</latexit><latexit sha1_base64="NihExuPyJxcAdw1bV0zf1sw24o8=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBmwsYxgPiAJYW8zl6zZ2z1394Rw5D/YWChi6/+x89+4Sa7QxAcDj/dmmJkXJoIb6/vfXmFjc2t7p7hb2ts/ODwqH5+0jEo1wyZTQulOSA0KLrFpuRXYSTTSOBTYDic3c7/9hNpwJe/tNMF+TEeSR5xR66RWT+AjqQ3KFb/qL0DWSZCTCuRoDMpfvaFiaYzSMkGN6QZ+YvsZ1ZYzgbNSLzWYUDahI+w6KmmMpp8trp2RC6cMSaS0K2nJQv09kdHYmGkcus6Y2rFZ9ebif143tdF1P+MySS1KtlwUpYJYReavkyHXyKyYOkKZ5u5WwsZUU2ZdQCUXQrD68jpp1aqBXw3ugkrdz+MowhmcwyUEcAV1uIUGNIHBAzzDK7x5ynvx3r2PZWvBy2dO4Q+8zx/YIY6R</latexit>

 2
<latexit sha1_base64="9+uz1niMyAMx7WOGd1/GH9rEmYY=">AAAB7XicbZDLSgMxFIbP1FttvVRdugkWwVWZ6UaXBTcuK9gLtEPJpGfa2EwyJhmhlIKP4MaFIm59H3e+jelloa0/BD7+/xxyzolSwY31/W8vt7G5tb2T3y0U9/YPDktHx02jMs2wwZRQuh1Rg4JLbFhuBbZTjTSJBLai0fUsbz2iNlzJOztOMUzoQPKYM2qd1ewKfCDVXqnsV/y5yDoESyjXcsX2EwDUe6Wvbl+xLEFpmaDGdAI/teGEasuZwGmhmxlMKRvRAXYcSpqgCSfzaafk3Dl9EivtnrRk7v7umNDEmHESucqE2qFZzWbmf1kns/FVOOEyzSxKtvgozgSxisxWJ32ukVkxdkCZ5m5WwoZUU2bdgQruCMHqyuvQrFYCvxLcBuWaDwvl4RTO4AICuIQa3EAdGsDgHp7hFd485b14797HojTnLXtO4I+8zx9ja4+2</latexit><latexit sha1_base64="NihExuPyJxcAdw1bV0zf1sw24o8=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBmwsYxgPiAJYW8zl6zZ2z1394Rw5D/YWChi6/+x89+4Sa7QxAcDj/dmmJkXJoIb6/vfXmFjc2t7p7hb2ts/ODwqH5+0jEo1wyZTQulOSA0KLrFpuRXYSTTSOBTYDic3c7/9hNpwJe/tNMF+TEeSR5xR66RWT+AjqQ3KFb/qL0DWSZCTCuRoDMpfvaFiaYzSMkGN6QZ+YvsZ1ZYzgbNSLzWYUDahI+w6KmmMpp8trp2RC6cMSaS0K2nJQv09kdHYmGkcus6Y2rFZ9ebif143tdF1P+MySS1KtlwUpYJYReavkyHXyKyYOkKZ5u5WwsZUU2ZdQCUXQrD68jpp1aqBXw3ugkrdz+MowhmcwyUEcAV1uIUGNIHBAzzDK7x5ynvx3r2PZWvBy2dO4Q+8zx/YIY6R</latexit>

Yes!

19



Do we expect improvements?

Weight 0

Weight  2
<latexit sha1_base64="9+uz1niMyAMx7WOGd1/GH9rEmYY=">AAAB7XicbZDLSgMxFIbP1FttvVRdugkWwVWZ6UaXBTcuK9gLtEPJpGfa2EwyJhmhlIKP4MaFIm59H3e+jelloa0/BD7+/xxyzolSwY31/W8vt7G5tb2T3y0U9/YPDktHx02jMs2wwZRQuh1Rg4JLbFhuBbZTjTSJBLai0fUsbz2iNlzJOztOMUzoQPKYM2qd1ewKfCDVXqnsV/y5yDoESyjXcsX2EwDUe6Wvbl+xLEFpmaDGdAI/teGEasuZwGmhmxlMKRvRAXYcSpqgCSfzaafk3Dl9EivtnrRk7v7umNDEmHESucqE2qFZzWbmf1kns/FVOOEyzSxKtvgozgSxisxWJ32ukVkxdkCZ5m5WwoZUU2bdgQruCMHqyuvQrFYCvxLcBuWaDwvl4RTO4AICuIQa3EAdGsDgHp7hFd485b14797HojTnLXtO4I+8zx9ja4+2</latexit><latexit sha1_base64="NihExuPyJxcAdw1bV0zf1sw24o8=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBmwsYxgPiAJYW8zl6zZ2z1394Rw5D/YWChi6/+x89+4Sa7QxAcDj/dmmJkXJoIb6/vfXmFjc2t7p7hb2ts/ODwqH5+0jEo1wyZTQulOSA0KLrFpuRXYSTTSOBTYDic3c7/9hNpwJe/tNMF+TEeSR5xR66RWT+AjqQ3KFb/qL0DWSZCTCuRoDMpfvaFiaYzSMkGN6QZ+YvsZ1ZYzgbNSLzWYUDahI+w6KmmMpp8trp2RC6cMSaS0K2nJQv09kdHYmGkcus6Y2rFZ9ebif143tdF1P+MySS1KtlwUpYJYReavkyHXyKyYOkKZ5u5WwsZUU2ZdQCUXQrD68jpp1aqBXw3ugkrdz+MowhmcwyUEcAV1uIUGNIHBAzzDK7x5ynvx3r2PZWvBy2dO4Q+8zx/YIY6R</latexit>

 2
<latexit sha1_base64="9+uz1niMyAMx7WOGd1/GH9rEmYY=">AAAB7XicbZDLSgMxFIbP1FttvVRdugkWwVWZ6UaXBTcuK9gLtEPJpGfa2EwyJhmhlIKP4MaFIm59H3e+jelloa0/BD7+/xxyzolSwY31/W8vt7G5tb2T3y0U9/YPDktHx02jMs2wwZRQuh1Rg4JLbFhuBbZTjTSJBLai0fUsbz2iNlzJOztOMUzoQPKYM2qd1ewKfCDVXqnsV/y5yDoESyjXcsX2EwDUe6Wvbl+xLEFpmaDGdAI/teGEasuZwGmhmxlMKRvRAXYcSpqgCSfzaafk3Dl9EivtnrRk7v7umNDEmHESucqE2qFZzWbmf1kns/FVOOEyzSxKtvgozgSxisxWJ32ukVkxdkCZ5m5WwoZUU2bdgQruCMHqyuvQrFYCvxLcBuWaDwvl4RTO4AICuIQa3EAdGsDgHp7hFd485b14797HojTnLXtO4I+8zx9ja4+2</latexit><latexit sha1_base64="NihExuPyJxcAdw1bV0zf1sw24o8=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBmwsYxgPiAJYW8zl6zZ2z1394Rw5D/YWChi6/+x89+4Sa7QxAcDj/dmmJkXJoIb6/vfXmFjc2t7p7hb2ts/ODwqH5+0jEo1wyZTQulOSA0KLrFpuRXYSTTSOBTYDic3c7/9hNpwJe/tNMF+TEeSR5xR66RWT+AjqQ3KFb/qL0DWSZCTCuRoDMpfvaFiaYzSMkGN6QZ+YvsZ1ZYzgbNSLzWYUDahI+w6KmmMpp8trp2RC6cMSaS0K2nJQv09kdHYmGkcus6Y2rFZ9ebif143tdF1P+MySS1KtlwUpYJYReavkyHXyKyYOkKZ5u5WwsZUU2ZdQCUXQrD68jpp1aqBXw3ugkrdz+MowhmcwyUEcAV1uIUGNIHBAzzDK7x5ynvx3r2PZWvBy2dO4Q+8zx/YIY6R</latexit>

Yes!

19



The punch line

mst(H): the weight of the minimum spanning tree in H.

Theorem (MST theorem)
Let H be a structure graph on k vertices, and |DI |, |DO | ≥ 1, then

mst(H) ≤ k − 2.

Corollary
There exists an algorithm for k-depot warehouse tour with running

time O(nk + MCF (n, n2)), for the case when there is at least one

input and output depot.
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Weights of the structure graph

Upper bound on the weights of edges, depending on depot type.

01

12

Summarized by having two kinds of vertex weights.

• w0(v) = 0 if v ∈ DO , w0(v) = 1 if v ∈ DI .

• w1(v) = 0 if v ∈ DI , w1(v) = 1 if v ∈ DO .

• w ′((u, v)) = w0(u) + w1(v).

w ′(e) is an upper bound to the edge weight of e. We will abuse

the notation and refer w ′(e) as the edge weight.
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Ear decomposition

Let G = (V ,E ) be a directed graph. A sequence of set of edges

E1, . . . ,Ek that partitions E is a ear decomposition if:

• E1 is a cycle, each E2, . . . ,Ek is a path(including cycles).

• The start and end of the path Ei are vertices in

V (E1 ∪ . . . ∪ Ei−1). No other vertex in V (Ei ) is in

V (E1 ∪ . . . ∪ Ei−1).

E1, . . . ,Ek are called ears.

22



Example of an ear decomposition
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Ear decomposition

Theorem
Let G be a strongly connected directed graph, and C is a cycle in

G. There exists a ear decomposition E1, . . . ,Ej where E1 = C.
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Proof of the MST theorem

Proof by induction on the number of ears in the ear decomposition.

Let H have ear decomposition E1, . . . ,Et . We can chose E1 to be

a cycle with at least one input depot and one output depot.
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Base Case

Theorem
Let P = v1, . . . , vn be a path and P start with a input depot, and

end with an output depot, then there exists an edge of weight 2.

Proof.
Since v1 is an input depot, vn is an output depot. For some i , vi is

an input depot and vi+1 is an output depot. The edge vivi+1 has

weight 2.

Theorem
C is a cycle of k vertices with at least one input depot and one

output depot, then mst(C ) = k − 2.

Proof.
The total edge weight is

∑
e∈C w ′(e) =

∑
v∈C w0(v) + w1(v) = k .

Take any path from an input depot to an output depot, and

remove the weight 2 edge in the path.
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Inductive step

Path case. Assume Et is a path and not a cycle.

H ′ = (V (E1 ∪ . . . ∪ Et−1),E1 ∪ . . . ∪ Et−1).

mst(H) ≤ mst(H ′) + w ′(Et)−maxe∈Et w
′(e).

Et
<latexit sha1_base64="rUi3A1zpfjpDQEDPOlNRncs1+bY=">AAAB6nicbVDLSgNBEOxNfMT4inr0MhgET2HXizkGRPAY0TwgWcLsZDYZMju7zPQKYcknePGgiFc/xG/wIPg1OnkcNLGgoajqprsrSKQw6LpfTi6/tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR5dRv3XNtRKzucJxwP6IDJULBKFrp9qqHvVLZrbgzkFXiLUi5lv/8fgeAeq/00e3HLI24QiapMR3PTdDPqEbBJJ8Uu6nhCWUjOuAdSxWNuPGz2akTcmqVPgljbUshmam/JzIaGTOOAtsZURyaZW8q/ud1UgyrfiZUkiJXbL4oTCXBmEz/Jn2hOUM5toQyLeythA2ppgxtOkUbgrf88ippnlc8t+Ld2DRcmKMAx3ACZ+DBBdTgGurQAAYDeIAneHak8+i8OK/z1pyzmDmCP3DefgDzAZBy</latexit><latexit sha1_base64="hg4usbzsQEyMXrtDDKiUu+RgEiU=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFfZstAyIYBnRxEByhL3NXrJkb+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZemCppkdJvr7S2vrG5Vd6u7Ozu7R9UD4/aNskMFy2eqMR0QmaFklq0UKISndQIFodKPIbj65n/+CSMlYl+wEkqgpgNtYwkZ+ik+5s+9qs1WqdzkFXiF6QGBZr96ldvkPAsFhq5YtZ2fZpikDODkisxrfQyK1LGx2wouo5qFgsb5PNTp+TMKQMSJcaVRjJXf0/kLLZ2EoeuM2Y4ssveTPzP62YYXQW51GmGQvPFoihTBBMy+5sMpBEc1cQRxo10txI+YoZxdOlUXAj+8surpH1R92ndv6O1Bi3iKMMJnMI5+HAJDbiFJrSAwxCe4RXePOW9eO/ex6K15BUzx/AH3ucPHOCNmg==</latexit>

Et
<latexit sha1_base64="rUi3A1zpfjpDQEDPOlNRncs1+bY=">AAAB6nicbVDLSgNBEOxNfMT4inr0MhgET2HXizkGRPAY0TwgWcLsZDYZMju7zPQKYcknePGgiFc/xG/wIPg1OnkcNLGgoajqprsrSKQw6LpfTi6/tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR5dRv3XNtRKzucJxwP6IDJULBKFrp9qqHvVLZrbgzkFXiLUi5lv/8fgeAeq/00e3HLI24QiapMR3PTdDPqEbBJJ8Uu6nhCWUjOuAdSxWNuPGz2akTcmqVPgljbUshmam/JzIaGTOOAtsZURyaZW8q/ud1UgyrfiZUkiJXbL4oTCXBmEz/Jn2hOUM5toQyLeythA2ppgxtOkUbgrf88ippnlc8t+Ld2DRcmKMAx3ACZ+DBBdTgGurQAAYDeIAneHak8+i8OK/z1pyzmDmCP3DefgDzAZBy</latexit><latexit sha1_base64="hg4usbzsQEyMXrtDDKiUu+RgEiU=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFfZstAyIYBnRxEByhL3NXrJkb+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZemCppkdJvr7S2vrG5Vd6u7Ozu7R9UD4/aNskMFy2eqMR0QmaFklq0UKISndQIFodKPIbj65n/+CSMlYl+wEkqgpgNtYwkZ+ik+5s+9qs1WqdzkFXiF6QGBZr96ldvkPAsFhq5YtZ2fZpikDODkisxrfQyK1LGx2wouo5qFgsb5PNTp+TMKQMSJcaVRjJXf0/kLLZ2EoeuM2Y4ssveTPzP62YYXQW51GmGQvPFoihTBBMy+5sMpBEc1cQRxo10txI+YoZxdOlUXAj+8surpH1R92ndv6O1Bi3iKMMJnMI5+HAJDbiFJrSAwxCe4RXePOW9eO/ex6K15BUzx/AH3ucPHOCNmg==</latexit>

H 0
<latexit sha1_base64="Ze5S/Yb+NtysauJc0XG+PvCxqeo=">AAAB63icbZC7SgNBFIbPeo3xFrUSm8EgWIVdG+0M2KSMYC6QLGF2MpsMmZldZs4KMeQVbCwUsfUNfBI7S9/EyaXQxB8GPv7/HOacE6VSWPT9L29ldW19YzO3ld/e2d3bLxwc1m2SGcZrLJGJaUbUcik0r6FAyZup4VRFkjeiwc0kb9xzY0Wi73CY8lDRnhaxYBSdFUGFHHcKRb/kT0WWIZhD8frj4bsMANVO4bPdTVimuEYmqbWtwE8xHFGDgkk+zrczy1PKBrTHWw41VdyGo+msY3LmnC6JE+OeRjJ1f3eMqLJ2qCJXqSj27WI2Mf/LWhnGV+FI6DRDrtnsoziTBBMyWZx0heEM5dABZUa4WQnrU0MZuvPk3RGCxZWXoX5RCvxScBsUyz7MlIMTOIVzCOASylCBKtSAQR8e4RlePOU9ea/e26x0xZv3HMEfee8/5k6Pqg==</latexit><latexit sha1_base64="hpI4JoWMxfDB9xupnRWOLkRH2rM=">AAAB63icbVA9SwNBEJ3zM8avqJXYLAbBKtzZaBmwSRnBfEByhL3NXLJkd+/Y3RPCkb9gY6GIrX/Izn/jJrlCEx8MPN6bYWZelApurO9/exubW9s7u6W98v7B4dFx5eS0bZJMM2yxRCS6G1GDgitsWW4FdlONVEYCO9Hkfu53nlAbnqhHO00xlHSkeMwZtU6KoEHOB5WqX/MXIOskKEgVCjQHla/+MGGZRGWZoMb0Aj+1YU615UzgrNzPDKaUTegIe44qKtGE+eLWGblyypDEiXalLFmovydyKo2Zysh1SmrHZtWbi/95vczGd2HOVZpZVGy5KM4EsQmZP06GXCOzYuoIZZq7WwkbU02ZdfGUXQjB6svrpH1TC/xa8BBU634RRwku4BKuIYBbqEMDmtACBmN4hld486T34r17H8vWDa+YOYM/8D5/AHJkjRw=</latexit>

H 0
<latexit sha1_base64="Ze5S/Yb+NtysauJc0XG+PvCxqeo=">AAAB63icbZC7SgNBFIbPeo3xFrUSm8EgWIVdG+0M2KSMYC6QLGF2MpsMmZldZs4KMeQVbCwUsfUNfBI7S9/EyaXQxB8GPv7/HOacE6VSWPT9L29ldW19YzO3ld/e2d3bLxwc1m2SGcZrLJGJaUbUcik0r6FAyZup4VRFkjeiwc0kb9xzY0Wi73CY8lDRnhaxYBSdFUGFHHcKRb/kT0WWIZhD8frj4bsMANVO4bPdTVimuEYmqbWtwE8xHFGDgkk+zrczy1PKBrTHWw41VdyGo+msY3LmnC6JE+OeRjJ1f3eMqLJ2qCJXqSj27WI2Mf/LWhnGV+FI6DRDrtnsoziTBBMyWZx0heEM5dABZUa4WQnrU0MZuvPk3RGCxZWXoX5RCvxScBsUyz7MlIMTOIVzCOASylCBKtSAQR8e4RlePOU9ea/e26x0xZv3HMEfee8/5k6Pqg==</latexit><latexit sha1_base64="hpI4JoWMxfDB9xupnRWOLkRH2rM=">AAAB63icbVA9SwNBEJ3zM8avqJXYLAbBKtzZaBmwSRnBfEByhL3NXLJkd+/Y3RPCkb9gY6GIrX/Izn/jJrlCEx8MPN6bYWZelApurO9/exubW9s7u6W98v7B4dFx5eS0bZJMM2yxRCS6G1GDgitsWW4FdlONVEYCO9Hkfu53nlAbnqhHO00xlHSkeMwZtU6KoEHOB5WqX/MXIOskKEgVCjQHla/+MGGZRGWZoMb0Aj+1YU615UzgrNzPDKaUTegIe44qKtGE+eLWGblyypDEiXalLFmovydyKo2Zysh1SmrHZtWbi/95vczGd2HOVZpZVGy5KM4EsQmZP06GXCOzYuoIZZq7WwkbU02ZdfGUXQjB6svrpH1TC/xa8BBU634RRwku4BKuIYBbqEMDmtACBmN4hld486T34r17H8vWDa+YOYM/8D5/AHJkjRw=</latexit>
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Inductive step

Path case. Assume Et is a path and not a cycle.

H ′ = (V (E1 ∪ . . . ∪ Et−1),E1 ∪ . . . ∪ Et−1).

mst(H) ≤ mst(H ′) + w ′(Et)−maxe∈Et w
′(e).

Et
<latexit sha1_base64="rUi3A1zpfjpDQEDPOlNRncs1+bY=">AAAB6nicbVDLSgNBEOxNfMT4inr0MhgET2HXizkGRPAY0TwgWcLsZDYZMju7zPQKYcknePGgiFc/xG/wIPg1OnkcNLGgoajqprsrSKQw6LpfTi6/tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR5dRv3XNtRKzucJxwP6IDJULBKFrp9qqHvVLZrbgzkFXiLUi5lv/8fgeAeq/00e3HLI24QiapMR3PTdDPqEbBJJ8Uu6nhCWUjOuAdSxWNuPGz2akTcmqVPgljbUshmam/JzIaGTOOAtsZURyaZW8q/ud1UgyrfiZUkiJXbL4oTCXBmEz/Jn2hOUM5toQyLeythA2ppgxtOkUbgrf88ippnlc8t+Ld2DRcmKMAx3ACZ+DBBdTgGurQAAYDeIAneHak8+i8OK/z1pyzmDmCP3DefgDzAZBy</latexit><latexit sha1_base64="hg4usbzsQEyMXrtDDKiUu+RgEiU=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFfZstAyIYBnRxEByhL3NXrJkb+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZemCppkdJvr7S2vrG5Vd6u7Ozu7R9UD4/aNskMFy2eqMR0QmaFklq0UKISndQIFodKPIbj65n/+CSMlYl+wEkqgpgNtYwkZ+ik+5s+9qs1WqdzkFXiF6QGBZr96ldvkPAsFhq5YtZ2fZpikDODkisxrfQyK1LGx2wouo5qFgsb5PNTp+TMKQMSJcaVRjJXf0/kLLZ2EoeuM2Y4ssveTPzP62YYXQW51GmGQvPFoihTBBMy+5sMpBEc1cQRxo10txI+YoZxdOlUXAj+8surpH1R92ndv6O1Bi3iKMMJnMI5+HAJDbiFJrSAwxCe4RXePOW9eO/ex6K15BUzx/AH3ucPHOCNmg==</latexit>

Et
<latexit sha1_base64="rUi3A1zpfjpDQEDPOlNRncs1+bY=">AAAB6nicbVDLSgNBEOxNfMT4inr0MhgET2HXizkGRPAY0TwgWcLsZDYZMju7zPQKYcknePGgiFc/xG/wIPg1OnkcNLGgoajqprsrSKQw6LpfTi6/tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR5dRv3XNtRKzucJxwP6IDJULBKFrp9qqHvVLZrbgzkFXiLUi5lv/8fgeAeq/00e3HLI24QiapMR3PTdDPqEbBJJ8Uu6nhCWUjOuAdSxWNuPGz2akTcmqVPgljbUshmam/JzIaGTOOAtsZURyaZW8q/ud1UgyrfiZUkiJXbL4oTCXBmEz/Jn2hOUM5toQyLeythA2ppgxtOkUbgrf88ippnlc8t+Ld2DRcmKMAx3ACZ+DBBdTgGurQAAYDeIAneHak8+i8OK/z1pyzmDmCP3DefgDzAZBy</latexit><latexit sha1_base64="hg4usbzsQEyMXrtDDKiUu+RgEiU=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFfZstAyIYBnRxEByhL3NXrJkb+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZemCppkdJvr7S2vrG5Vd6u7Ozu7R9UD4/aNskMFy2eqMR0QmaFklq0UKISndQIFodKPIbj65n/+CSMlYl+wEkqgpgNtYwkZ+ik+5s+9qs1WqdzkFXiF6QGBZr96ldvkPAsFhq5YtZ2fZpikDODkisxrfQyK1LGx2wouo5qFgsb5PNTp+TMKQMSJcaVRjJXf0/kLLZ2EoeuM2Y4ssveTPzP62YYXQW51GmGQvPFoihTBBMy+5sMpBEc1cQRxo10txI+YoZxdOlUXAj+8surpH1R92ndv6O1Bi3iKMMJnMI5+HAJDbiFJrSAwxCe4RXePOW9eO/ex6K15BUzx/AH3ucPHOCNmg==</latexit>

mst(H 0)
<latexit sha1_base64="CRwcA31SCsF+DKtL8czN6MUT3No=">AAAB9XicbVDLSgNBEOyNrxhfq57Ey2AQ9BJ2vegx4CXHBMwDkiXMTibJkNnZZaZXCUv+w4sHRbz6C36DN//CT3DyOGhiQUNR1U13V5hIYdDzvpzc2vrG5lZ+u7Czu7d/4B4eNUycasbrLJaxboXUcCkUr6NAyVuJ5jQKJW+Go9up37zn2ohY3eE44UFEB0r0BaNopQFEYADhAirkBC67btEreTOQVeIvSLHs1r4/AKDadT87vZilEVfIJDWm7XsJBhnVKJjkk0InNTyhbEQHvG2pohE3QTa7ekLOrdIj/VjbUkhm6u+JjEbGjKPQdkYUh2bZm4r/ee0U+zdBJlSSIldsvqifSoIxmUZAekJzhnJsCWVa2FsJG1JNGdqgCjYEf/nlVdK4Kvleya/5xbIHc+ThFM5slD5cQxkqUIU6MNDwCM/w4jw4T86r8zZvzTmLmWP4A+f9B4nXkXE=</latexit><latexit sha1_base64="5kg3FQv8vqMXzuReGgphlnR4Rhg=">AAAB9XicbVA9SwNBEJ3zM8avqJXYLAZBm3Bno2XAJmUE8wHJEfY2m2TJ7t6xO6eEI//DxkIRW/+Lnf/GTXKFJj4YeLw3w8y8KJHCou9/e2vrG5tb24Wd4u7e/sFh6ei4aePUMN5gsYxNO6KWS6F5AwVK3k4MpyqSvBWN72Z+65EbK2L9gJOEh4oOtRgIRtFJQ1BgAeESauQUrnqlsl/x5yCrJMhJGXLUe6Wvbj9mqeIamaTWdgI/wTCjBgWTfFrsppYnlI3pkHcc1VRxG2bzq6fkwil9MoiNK41krv6eyKiydqIi16kojuyyNxP/8zopDm7DTOgkRa7ZYtEglQRjMouA9IXhDOXEEcqMcLcSNqKGMnRBFV0IwfLLq6R5XQn8SnAflKt+HkcBzuDcRRnADVShBnVoAAMDz/AKb96T9+K9ex+L1jUvnzmBP/A+fwBqEI8g</latexit>

mst(H 0)
<latexit sha1_base64="CRwcA31SCsF+DKtL8czN6MUT3No=">AAAB9XicbVDLSgNBEOyNrxhfq57Ey2AQ9BJ2vegx4CXHBMwDkiXMTibJkNnZZaZXCUv+w4sHRbz6C36DN//CT3DyOGhiQUNR1U13V5hIYdDzvpzc2vrG5lZ+u7Czu7d/4B4eNUycasbrLJaxboXUcCkUr6NAyVuJ5jQKJW+Go9up37zn2ohY3eE44UFEB0r0BaNopQFEYADhAirkBC67btEreTOQVeIvSLHs1r4/AKDadT87vZilEVfIJDWm7XsJBhnVKJjkk0InNTyhbEQHvG2pohE3QTa7ekLOrdIj/VjbUkhm6u+JjEbGjKPQdkYUh2bZm4r/ee0U+zdBJlSSIldsvqifSoIxmUZAekJzhnJsCWVa2FsJG1JNGdqgCjYEf/nlVdK4Kvleya/5xbIHc+ThFM5slD5cQxkqUIU6MNDwCM/w4jw4T86r8zZvzTmLmWP4A+f9B4nXkXE=</latexit><latexit sha1_base64="5kg3FQv8vqMXzuReGgphlnR4Rhg=">AAAB9XicbVA9SwNBEJ3zM8avqJXYLAZBm3Bno2XAJmUE8wHJEfY2m2TJ7t6xO6eEI//DxkIRW/+Lnf/GTXKFJj4YeLw3w8y8KJHCou9/e2vrG5tb24Wd4u7e/sFh6ei4aePUMN5gsYxNO6KWS6F5AwVK3k4MpyqSvBWN72Z+65EbK2L9gJOEh4oOtRgIRtFJQ1BgAeESauQUrnqlsl/x5yCrJMhJGXLUe6Wvbj9mqeIamaTWdgI/wTCjBgWTfFrsppYnlI3pkHcc1VRxG2bzq6fkwil9MoiNK41krv6eyKiydqIi16kojuyyNxP/8zopDm7DTOgkRa7ZYtEglQRjMouA9IXhDOXEEcqMcLcSNqKGMnRBFV0IwfLLq6R5XQn8SnAflKt+HkcBzuDcRRnADVShBnVoAAMDz/AKb96T9+K9ex+L1jUvnzmBP/A+fwBqEI8g</latexit>
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<latexit sha1_base64="CRwcA31SCsF+DKtL8czN6MUT3No=">AAAB9XicbVDLSgNBEOyNrxhfq57Ey2AQ9BJ2vegx4CXHBMwDkiXMTibJkNnZZaZXCUv+w4sHRbz6C36DN//CT3DyOGhiQUNR1U13V5hIYdDzvpzc2vrG5lZ+u7Czu7d/4B4eNUycasbrLJaxboXUcCkUr6NAyVuJ5jQKJW+Go9up37zn2ohY3eE44UFEB0r0BaNopQFEYADhAirkBC67btEreTOQVeIvSLHs1r4/AKDadT87vZilEVfIJDWm7XsJBhnVKJjkk0InNTyhbEQHvG2pohE3QTa7ekLOrdIj/VjbUkhm6u+JjEbGjKPQdkYUh2bZm4r/ee0U+zdBJlSSIldsvqifSoIxmUZAekJzhnJsCWVa2FsJG1JNGdqgCjYEf/nlVdK4Kvleya/5xbIHc+ThFM5slD5cQxkqUIU6MNDwCM/w4jw4T86r8zZvzTmLmWP4A+f9B4nXkXE=</latexit><latexit sha1_base64="5kg3FQv8vqMXzuReGgphlnR4Rhg=">AAAB9XicbVA9SwNBEJ3zM8avqJXYLAZBm3Bno2XAJmUE8wHJEfY2m2TJ7t6xO6eEI//DxkIRW/+Lnf/GTXKFJj4YeLw3w8y8KJHCou9/e2vrG5tb24Wd4u7e/sFh6ei4aePUMN5gsYxNO6KWS6F5AwVK3k4MpyqSvBWN72Z+65EbK2L9gJOEh4oOtRgIRtFJQ1BgAeESauQUrnqlsl/x5yCrJMhJGXLUe6Wvbj9mqeIamaTWdgI/wTCjBgWTfFrsppYnlI3pkHcc1VRxG2bzq6fkwil9MoiNK41krv6eyKiydqIi16kojuyyNxP/8zopDm7DTOgkRa7ZYtEglQRjMouA9IXhDOXEEcqMcLcSNqKGMnRBFV0IwfLLq6R5XQn8SnAflKt+HkcBzuDcRRnADVShBnVoAAMDz/AKb96T9+K9ex+L1jUvnzmBP/A+fwBqEI8g</latexit>

mst(H 0)
<latexit sha1_base64="CRwcA31SCsF+DKtL8czN6MUT3No=">AAAB9XicbVDLSgNBEOyNrxhfq57Ey2AQ9BJ2vegx4CXHBMwDkiXMTibJkNnZZaZXCUv+w4sHRbz6C36DN//CT3DyOGhiQUNR1U13V5hIYdDzvpzc2vrG5lZ+u7Czu7d/4B4eNUycasbrLJaxboXUcCkUr6NAyVuJ5jQKJW+Go9up37zn2ohY3eE44UFEB0r0BaNopQFEYADhAirkBC67btEreTOQVeIvSLHs1r4/AKDadT87vZilEVfIJDWm7XsJBhnVKJjkk0InNTyhbEQHvG2pohE3QTa7ekLOrdIj/VjbUkhm6u+JjEbGjKPQdkYUh2bZm4r/ee0U+zdBJlSSIldsvqifSoIxmUZAekJzhnJsCWVa2FsJG1JNGdqgCjYEf/nlVdK4Kvleya/5xbIHc+ThFM5slD5cQxkqUIU6MNDwCM/w4jw4T86r8zZvzTmLmWP4A+f9B4nXkXE=</latexit><latexit sha1_base64="5kg3FQv8vqMXzuReGgphlnR4Rhg=">AAAB9XicbVA9SwNBEJ3zM8avqJXYLAZBm3Bno2XAJmUE8wHJEfY2m2TJ7t6xO6eEI//DxkIRW/+Lnf/GTXKFJj4YeLw3w8y8KJHCou9/e2vrG5tb24Wd4u7e/sFh6ei4aePUMN5gsYxNO6KWS6F5AwVK3k4MpyqSvBWN72Z+65EbK2L9gJOEh4oOtRgIRtFJQ1BgAeESauQUrnqlsl/x5yCrJMhJGXLUe6Wvbj9mqeIamaTWdgI/wTCjBgWTfFrsppYnlI3pkHcc1VRxG2bzq6fkwil9MoiNK41krv6eyKiydqIi16kojuyyNxP/8zopDm7DTOgkRa7ZYtEglQRjMouA9IXhDOXEEcqMcLcSNqKGMnRBFV0IwfLLq6R5XQn8SnAflKt+HkcBzuDcRRnADVShBnVoAAMDz/AKb96T9+K9ex+L1jUvnzmBP/A+fwBqEI8g</latexit>Et

<latexit sha1_base64="rUi3A1zpfjpDQEDPOlNRncs1+bY=">AAAB6nicbVDLSgNBEOxNfMT4inr0MhgET2HXizkGRPAY0TwgWcLsZDYZMju7zPQKYcknePGgiFc/xG/wIPg1OnkcNLGgoajqprsrSKQw6LpfTi6/tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR5dRv3XNtRKzucJxwP6IDJULBKFrp9qqHvVLZrbgzkFXiLUi5lv/8fgeAeq/00e3HLI24QiapMR3PTdDPqEbBJJ8Uu6nhCWUjOuAdSxWNuPGz2akTcmqVPgljbUshmam/JzIaGTOOAtsZURyaZW8q/ud1UgyrfiZUkiJXbL4oTCXBmEz/Jn2hOUM5toQyLeythA2ppgxtOkUbgrf88ippnlc8t+Ld2DRcmKMAx3ACZ+DBBdTgGurQAAYDeIAneHak8+i8OK/z1pyzmDmCP3DefgDzAZBy</latexit><latexit sha1_base64="hg4usbzsQEyMXrtDDKiUu+RgEiU=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFfZstAyIYBnRxEByhL3NXrJkb+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZemCppkdJvr7S2vrG5Vd6u7Ozu7R9UD4/aNskMFy2eqMR0QmaFklq0UKISndQIFodKPIbj65n/+CSMlYl+wEkqgpgNtYwkZ+ik+5s+9qs1WqdzkFXiF6QGBZr96ldvkPAsFhq5YtZ2fZpikDODkisxrfQyK1LGx2wouo5qFgsb5PNTp+TMKQMSJcaVRjJXf0/kLLZ2EoeuM2Y4ssveTPzP62YYXQW51GmGQvPFoihTBBMy+5sMpBEc1cQRxo10txI+YoZxdOlUXAj+8surpH1R92ndv6O1Bi3iKMMJnMI5+HAJDbiFJrSAwxCe4RXePOW9eO/ex6K15BUzx/AH3ucPHOCNmg==</latexit>

Et
<latexit sha1_base64="rUi3A1zpfjpDQEDPOlNRncs1+bY=">AAAB6nicbVDLSgNBEOxNfMT4inr0MhgET2HXizkGRPAY0TwgWcLsZDYZMju7zPQKYcknePGgiFc/xG/wIPg1OnkcNLGgoajqprsrSKQw6LpfTi6/tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR5dRv3XNtRKzucJxwP6IDJULBKFrp9qqHvVLZrbgzkFXiLUi5lv/8fgeAeq/00e3HLI24QiapMR3PTdDPqEbBJJ8Uu6nhCWUjOuAdSxWNuPGz2akTcmqVPgljbUshmam/JzIaGTOOAtsZURyaZW8q/ud1UgyrfiZUkiJXbL4oTCXBmEz/Jn2hOUM5toQyLeythA2ppgxtOkUbgrf88ippnlc8t+Ld2DRcmKMAx3ACZ+DBBdTgGurQAAYDeIAneHak8+i8OK/z1pyzmDmCP3DefgDzAZBy</latexit><latexit sha1_base64="hg4usbzsQEyMXrtDDKiUu+RgEiU=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFfZstAyIYBnRxEByhL3NXrJkb+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZemCppkdJvr7S2vrG5Vd6u7Ozu7R9UD4/aNskMFy2eqMR0QmaFklq0UKISndQIFodKPIbj65n/+CSMlYl+wEkqgpgNtYwkZ+ik+5s+9qs1WqdzkFXiF6QGBZr96ldvkPAsFhq5YtZ2fZpikDODkisxrfQyK1LGx2wouo5qFgsb5PNTp+TMKQMSJcaVRjJXf0/kLLZ2EoeuM2Y4ssveTPzP62YYXQW51GmGQvPFoihTBBMy+5sMpBEc1cQRxo10txI+YoZxdOlUXAj+8surpH1R92ndv6O1Bi3iKMMJnMI5+HAJDbiFJrSAwxCe4RXePOW9eO/ex6K15BUzx/AH3ucPHOCNmg==</latexit>

�w0(e)
<latexit sha1_base64="BJifVC+i7D+DYEYWkV2IFVHB/lU=">AAAB83icbVDLSgNBEOyNrxhfq57Ey2AQ9GDY9aLHgBePCZgHJEuYnfQmQ2Znl5lZJYT8hhcPinj1H/wGb/6Fn+DkcdDEgoaiqpvurjAVXBvP+3JyK6tr6xv5zcLW9s7unrt/UNdJphjWWCIS1QypRsEl1gw3ApupQhqHAhvh4GbiN+5RaZ7IOzNMMYhpT/KIM2qsFMEFPJAjOAOE845b9EreFGSZ+HNSLLvV7w8AqHTcz3Y3YVmM0jBBtW75XmqCEVWGM4HjQjvTmFI2oD1sWSppjDoYTW8ek1OrdEmUKFvSkKn6e2JEY62HcWg7Y2r6etGbiP95rcxE18GIyzQzKNlsUZQJYhIyCYB0uUJmxNASyhS3txLWp4oyY2Mq2BD8xZeXSf2y5Hslv2rT8GCGPBzDiQ3Shysowy1UoAYMUniEZ3hxMufJeXXeZq05Zz5zCH/gvP8AWrKQyg==</latexit><latexit sha1_base64="sg1RuneBYkhvmSxmYVuXTf/lK34=">AAAB83icbVA9SwNBEJ3zM8avqJXYLAZBC8OejZYBG8sI5gOSI+xt5pIle3vH7p4SQv6GjYUitv4ZO/+Nm+QKTXww8Hhvhpl5YSqFsZR+eyura+sbm4Wt4vbO7t5+6eCwYZJMc6zzRCa6FTKDUiisW2EltlKNLA4lNsPh7dRvPqI2IlEPdpRiELO+EpHgzDopgkt4IsdwDggX3VKZVugMZJn4OSlDjlq39NXpJTyLUVkumTFtn6Y2GDNtBZc4KXYygynjQ9bHtqOKxWiC8ezmCTlzSo9EiXalLJmpvyfGLDZmFIeuM2Z2YBa9qfif185sdBOMhUozi4rPF0WZJDYh0wBIT2jkVo4cYVwLdyvhA6YZty6mogvBX3x5mTSuKj6t+Pe0XKV5HAU4gVMXpA/XUIU7qEEdOKTwDK/w5mXei/fufcxbV7x85gj+wPv8ATrrjnk=</latexit>

�w0(e)
<latexit sha1_base64="BJifVC+i7D+DYEYWkV2IFVHB/lU=">AAAB83icbVDLSgNBEOyNrxhfq57Ey2AQ9GDY9aLHgBePCZgHJEuYnfQmQ2Znl5lZJYT8hhcPinj1H/wGb/6Fn+DkcdDEgoaiqpvurjAVXBvP+3JyK6tr6xv5zcLW9s7unrt/UNdJphjWWCIS1QypRsEl1gw3ApupQhqHAhvh4GbiN+5RaZ7IOzNMMYhpT/KIM2qsFMEFPJAjOAOE845b9EreFGSZ+HNSLLvV7w8AqHTcz3Y3YVmM0jBBtW75XmqCEVWGM4HjQjvTmFI2oD1sWSppjDoYTW8ek1OrdEmUKFvSkKn6e2JEY62HcWg7Y2r6etGbiP95rcxE18GIyzQzKNlsUZQJYhIyCYB0uUJmxNASyhS3txLWp4oyY2Mq2BD8xZeXSf2y5Hslv2rT8GCGPBzDiQ3Shysowy1UoAYMUniEZ3hxMufJeXXeZq05Zz5zCH/gvP8AWrKQyg==</latexit><latexit sha1_base64="sg1RuneBYkhvmSxmYVuXTf/lK34=">AAAB83icbVA9SwNBEJ3zM8avqJXYLAZBC8OejZYBG8sI5gOSI+xt5pIle3vH7p4SQv6GjYUitv4ZO/+Nm+QKTXww8Hhvhpl5YSqFsZR+eyura+sbm4Wt4vbO7t5+6eCwYZJMc6zzRCa6FTKDUiisW2EltlKNLA4lNsPh7dRvPqI2IlEPdpRiELO+EpHgzDopgkt4IsdwDggX3VKZVugMZJn4OSlDjlq39NXpJTyLUVkumTFtn6Y2GDNtBZc4KXYygynjQ9bHtqOKxWiC8ezmCTlzSo9EiXalLJmpvyfGLDZmFIeuM2Z2YBa9qfif185sdBOMhUozi4rPF0WZJDYh0wBIT2jkVo4cYVwLdyvhA6YZty6mogvBX3x5mTSuKj6t+Pe0XKV5HAU4gVMXpA/XUIU7qEEdOKTwDK/w5mXei/fufcxbV7x85gj+wPv8ATrrjnk=</latexit>
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Inductive step. cont.

mst(H) ≤ mst(H ′) +
∑
e∈Et

w ′(e)−max
e∈Et

w ′(e)

≤ (|V (H ′)| − 2) +
∑
e∈Et

w ′(e)−max
e∈Et

w ′(e)

= (|V (H ′)| − 2) + (|V (Et)| − w1(u)− w0(v))−max
e∈Et

w ′(e)

= (|V (H)| − 2) + 2− w1(u)− w0(v)−max
e∈Et

w ′(e).

We have to show that w1(u) + w0(v) + maxe∈Et w
′(e) ≥ 2.

28



Inductive step. cont.

Prove that: w1(u) + w0(v) + maxe∈Et w
′(e) ≥ 2.

• w1(u) = 1, one of the edges containing u has weight at least

1.

• Similarly for w0(v) = 1.

• w1(u) + w0(v) = 0, then Et is a path from a input depot to a

output depot, hence there exists an edge of weight 2 in Et .

The case where Et is a cycle is similar. This completes the proof.
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What about only input depots?

Theorem
Let H be a k-vertex structure graph with only input depots, then

mst(H) ≤ k − 1.

Same proof by induction on ear decomposition. The base case is a

single cycle C , where mst(C ) = k − 1, the rest of the proof follows.
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Variations

• What if the dist is not a metric?

Use a shortest path metric

dist′ instead.

• What if the machine can start only in locations Lstart , and end

in a set of locations Lend? Simple transformation to the case

where machine start and end at same position.

• What if each input request can only be completed by a

particular input depot? Remove edges from depots to the

request in the warehouse network, compute a new metric, and

use the new metric to construct the warehouse network.
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Some ongoing work

• Output requests only, but a machine can hold two item at a

time.

Solvable in polynomial time if the metric is symmetric.

[Xu, Yang, Zhang Unpublished]

• Multiple machines. Solvable in polynomial time if number of

empty depot is constant. [Unpublished]

• Each request is a set of locations. Unknown status,

preliminary work with Madan and Shen.
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Thank you!
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